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Abstract
We prove that the stable holonomies of a proper codimension 1 attractor Λ, for a Cr diffeomorphism f
of a surface, are not C1+θ for θ greater than the Hausdorff dimension of the stable leaves of f intersected
with Λ. To prove this result we show that there are no diffeomorphisms of surfaces, with a proper codimen-
sion 1 attractor, that are affine on a neighbourhood of the attractor and have affine stable holonomies on the
attractor.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we introduce the notion of a twinned pair of leaves for a diffeomorphism f of a
surface with a basic set Λ. In Theorem 1, we prove that every proper codimension 1 attractor Λ
contains a twinned pair of leaves. The relevance of the existence of a twinned pair of leaves is
that these basic sets do not have affine models (see Theorem 2), i.e. an affine set of charts that
cover Λ and in which f and the holonomies are affine. Hence, if Λ is a proper codimension 1
attractor then there are no affine models for f on Λ.
In [20], it is proved that the stable and unstable holonomies of a basic set Λ are C1+α local
diffeomorphisms, for some α(f ) > 0. We prove, in Theorem 3, the existence of an upper bound
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A.A. Pinto et al. / J. Differential Equations 243 (2007) 168–178 169on the degree of smoothness for the holonomies of a basic set Λ, for a diffeomorphism f , with
a twinned pair of leaves. To prove this result, rather than consider all holonomies, it is enough
to consider a complete set of holonomies as introduced in [19]. As a corollary, we obtain that
for a proper codimension 1 attractor Λ, the stable holonomies do not have C1+α extensions
for α > HDs , where HDs is the Hausdorff dimension of the stable leaves intersected with the
attractor Λ.
The works of Masur [14], Penner [17], Thurston [28,29] and Veech [30] show a strong link
between affine interval exchange maps and Anosov and pseudo-Anosov maps. In [24], it is de-
veloped a smooth version of the above link proving that every C1+α diffeomorphism f on a
surface, with a codimension 1 hyperbolic attractor, induces a C1+α Cantor exchange system Φf ,
for some α > 0. E. Ghys and D. Sullivan (see E. Cawley [3]) observed that Anosov diffeomor-
phisms on the torus determine circle diffeomorphisms whose C1+α conjugacy classes are C1+α
fixed points of a renormalization operator, for some α > 0. In the same direction, in [24], it is
proved that every C1+α diffeomorphism f of a surface, with a codimension 1 hyperbolic at-
tractor, determines a renormalization operator acting on the topological conjugacy class [Φf ]C0
of Φf . Furthermore, it is proved that every C1+α Cantor exchange system Φ ∈ [Φf ]C0 , that is
a C1+α fixed point of renormalization [RfΦ]C1+α = [Φ]C1+α , determines a unique C1+α diffeo-
morphism g, topologically conjugate to f , with an invariant measure absolutely continuous with
respect to the Hausdorff measure on its invariant set. Using the results of this paper, it is shown
in [24] that there is no C1+α Cantor exchange system Ψ ∈ [Φf ]C0 , with bounded geometry, that
is a C1+α fixed point of renormalization with α greater than the Hausdorff dimension of the
Cantor invariant set of Ψ . This result is linked with the conjecture of J. Harrison (see [9]) that
there are no C1+γ Denjoy maps [4] with γ > HD. This conjecture has been proved, partially, by
A. Norton in [16] and by B. Kra and J. Schmeling in [12].
1.1. Twinned pair of leaves
Throughout this paper, we consider a Cr diffeomorphism f , with r > 1, of a compact sur-
face S with a basic set Λ, i.e. Λ is a topologically transitive hyperbolic invariant subset, with
local product structure (see Appendix A.2).
Let Ws(x) (respectively Wu(x)) denote the stable (respectively unstable) immersed manifold
passing through x ∈ Λ (see Appendix A.1). We will use, from now on, ι to denote an element
of the set {s, u} of the stable and unstable superscripts and ι′ to denote the element of {s, u}
that is not ι. For ι ∈ {s, u}, a full ι-leaf segment I (or, equivalently, a local ι-leaf) is defined as
a connected subset of Wι(x), and an ι-leaf segment is the intersection with Λ of a full ι-leaf
segment. The endpoints of an ι-leaf segment I are the endpoints of the minimal closed full ι-leaf
segment containing I (see Appendix A.1).
Definition 1.1. A twinned pair of u-leaves (I, J ) in a basic set Λ consists of a pair of u-leaf
segments I and J with the following properties (see Fig. 1):
(i) an endpoint p of I and an endpoint q of J are periodic points under f ;
(ii) (I \ {p})∩ (J \ {q}) = ∅;
(iii) for all z ∈ I \ {p} there is a full s-leaf segment γz in the stable manifold through z which
has endpoints z and z′ such that z′ ∈ J \ {q} and γz ∩Λ = {z, z′}.
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It follows from this that if a sequence zn ∈ I \ {p} converges to p then the corresponding
sequence z′n ∈ J ∩ γzn converges to q . Also, it follows that the periodic points p and q must have
the same period. A twinned pair of s-leaves in a basic set Λ is similarly defined.
Remark 1. In the previous definition we allow the points p and q to coincide. However, if p
is different from q then there is no stable leaf containing both p and q (otherwise they would
converge under iteration by f which is absurd).
The set Λ ⊂ M is an attractor for f if there is an open set U ⊂ M such that Λ =⋂∞i=0 f i(U).
We say that Λ is a proper codimension 1 attractor if Λ is an attractor basic set, the Hausdorff
dimension of the unstable leaf segments is one, and the Hausdorff dimension of the stable leaf
segments is strictly less than one (see [1] and [31]).
Theorem 1. If Λ is a proper codimension 1 attractor then Λ contains a twinned pair of u-leaves.
1.2. Affine models
The stable basic holonomies are maps defined between s-leaf segments defined by travelling
along the unstable manifolds (see Appendix A.4). In [20], it is proved that these maps have
C1+α extensions to the full s-leaf segments for some α > 0 with respect to the full s-leaf charts.
Therefore, all s-leaf segments have the same Hausdorff dimension which we denote by HDs .
Unstable basic holonomies and HDu are similarly defined.
Definition 1.2. A hyperbolic affine model for f on Λ is an atlas A with the following properties:
(i) the union of the domains U of the charts i :U → R2 of A (which are open sets of M)
cover Λ;
(ii) any two charts i :U →R2 and j :V →R2 inA have overlap maps j ◦ i−1 : i(U ∩V ) →R2
with affine extensions to R2;
(iii) f is affine with respect to the charts in A;
(iv) Λ is a basic hyperbolic set;
(v) the images of the stable and unstable local leaves under the charts in A are contained in
horizontal and vertical lines; and
(vi) the basic holonomies have affine extensions to the stable and unstable leaves with respect to
the charts in A.
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for f on Λ.
Putting together Theorems 1 and 2 we obtain the following corollary:
Corollary 1. If Λ is a proper codimension 1 attractor then there are no affine models for f on Λ.
1.3. C1,HD complete set of holonomies
Before constructing a C1,HD complete set of holonomies, we have to introduce the definition
of C1,α classes of smooth regularities for homeomorphisms on the real line, for 0 < α < 1.
Definition 1.3. Let h : I ⊂ R → J ⊂ R be a homeomorphism between two open intervals I
and J . If 0 < α < 1, then h is said to be C1,α if it is differentiable and for all points x, y ∈ I
∣∣h′(y)− h′(x)∣∣ χh
(|y − x|) (1)
where the positive function χh(t) is o(tα), i.e. limt→0 χh(t)/tα = 0.
In particular, a C1+β diffeomorphism is C1,α for all 0 < α < β . We say that a stable holonomy
h : I → J is C1,α if in charts h has a C1,α extension to a full ι-leaf segment containing I .
Let M be a Markov partition for f satisfying the disjointness property (see Appendix A).
Suppose that M and N are Markov rectangles, and x ∈ M and y ∈ N . We say that x and y are
ι-holonomically related if (i) there is an ι′-leaf segment ι′(x, y) such that ∂ι′(x, y) = {x, y},
and (ii) ι′(x, y) ⊂ ι′(x,M) ∪ ι′(y,N). Let P ι = P ιM be the set of all pairs (M,N) such that
there are points x ∈ M and y ∈ N ι-holonomically related.
For every Markov rectangle M ∈ M, choose an ι-spanning leaf segment ιM in M . Let
I ι = {ιM : M ∈M}. For every pair (M,N) ∈ P ι, there are maximal leaf segments D(M,N) ⊂ ιM ,
C(M,N) ⊂ ιN such that there is a well-defined ι-holonomy hι(M,N) :D(M,N) → C(M,N) (see Ap-
pendix A.3). We call such holonomies hι(M,N) :D(M,N) → C(M,N) the ι-primitive holonomies
associated to the Markov partition M. The set Hι = {hι(M,N) :D(M,N) → C(M,N); (M,N) ∈ P ι}
is a complete set of ι-holonomies (see Figs. 2 and 3).
For every leaf segment ιM ∈ I ι, let ˆιM be the smallest full ι-leaf segment containing ιM (see
definition in Appendix A). By the Stable Manifold Theorem, there are C1+α diffeomorphisms
uιM : ˆ
ι
M → KιM ⊂R.







in Hι, the map uιN ◦ hι(M,N) ◦ (uιM)−1 and its inverse have a C1,HD
ι
diffeomorphic extension to R such that the modulus of continuity does not depend upon
hι(M,N) ∈Hι.
We prove, in Lemma 2, that for each proper codimension 1 attractor, for a diffeomorphism
on a surface, there is only a finite number of holonomies in a complete set. In this case the
uniformity hypothesis on the modulus of continuity of hι(M,N) ∈Hι is redundant. However, for a
Smale horseshoe this is not the case.
172 A.A. Pinto et al. / J. Differential Equations 243 (2007) 168–178Fig. 2. The complete set of holonomies H = {h(A,A),h(A,B), h(B,A),h−1(A,A),h−1(A,B), h−1(B,A)} for the Anosov map
f : R2 \ (Zv × Z w) → R2 \ (Zv × Z w) defined by f (x, y) = (x + y, y) and with Markov partitionM= {A,B}.
Fig. 3. The cardinality of the complete set of holonomiesH= {h1, h2, h3, . . .} is not finite.
Theorem 3. Let Λ be a basic set for a C1+γ diffeomorphism f of a surface with γ > HDι. If Λ
contains a twinned pair of ι′-leaves, then the complete set of ι-holonomies Hι is not C1,HDι .
Putting together Theorems 1 and 3, we obtain the following corollary:
Corollary 2. If Λ is a proper codimension 1 attractor for a C1+γ diffeomorphism on a surface
with γ > HDs , then the stable holonomies are never C1,HDs . In particular, they do not have C1+α
extensions for α > HDs .
2. Twin leaves for codimension 1 attractors
We call an unstable leaf  an unstable free-leaf if there is a full s-leaf segment I transversal
to the leaf  which is the union I1 ∪ {p} ∪ I2 of two disjoint (nonempty) full s-leaf seg-
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ments I1 and I2 such that I1 and I2 have a common endpoint p ∈  ∩ Λ and I2 does not
intersect Λ.
By [11], the set L of all unstable free-leaves is nonempty and finite. Since the free-leaves
are permuted by f , each one of these leaves  contains a single periodic point P. Furthermore,
L is equal to the union of pairwise disjoint subsets L1, . . . ,Lj which are characterized by the
following property: the leaves of each set Lm form the boundary of an open connected set Om
in M which does not intersect the basic set Λ.
Remark 2. We observe that by [8], f |Λ is topologically conjugate to an Anosov or pseudo-
Anosov map that has been unzipped along a finite set of leaves. It is these unzipped leaves
which form L. Each set Lm ⊂ L corresponds to the unzipping a k-prong singularity where k
is the number of leaves contained in Lm (see Fig. 4). The sets Lm of cardinality one and two
correspond respectively to umbilic singularities and regular points.
Proof of Theorem 1. We claim that for each leaf  ∈ Lm there are two leaves ′, ′′ ∈ Lm, two
points x ∈  and y ∈  on different sides of the periodic point P in  and two points x′ ∈ ′ and
y′ ∈ ′′ such that x and x′, and y and y′ are the endpoints of two full s-leaf segments γx,x′ and
γy,y′ whose interiors meet no unstable leaves of Λ. If the cardinality of Lm is greater or equal
to three, then , ′ and ′′ are distinct leaves. If the cardinality of Lm is one, then  = ′ = ′′
and the claim just says that there are x and y in  on either side of P with x and y joined by
a full s-leaf segment γx,y whose interior meets no unstable leaves. If the cardinality of Lm is
two, then ′ = ′′ =  and x′, y′ ∈ ′ are on either side of the periodic point in ′. This claim
follows from the density of the unstable manifold in Λ and the local product structure as we pass
to describe. If x ∈  then, for some n > 0, f n(x) lies inside of a small full s-leaf segment γ and,
in γ , is contained between two points contained in Λ. We can then find a nontrivial full s-leaf
segment γ ′ inside γ which also contains f n(x) so that to one side of f n(x) there is only a single
point w = f n(x) in γ ′ ∩ Λ. Let γ ′′ denote the part of γ between f n(x) and w. Then f−n(γ ′′)
is a full s-leaf segment through x such that x′ = f n(w) is the other endpoint of f−n(γ ′′). Since
by construction f−n(γ ′′) \ {x, x′} meets no unstable leaves of Λ, f−n(γ ′′) is the required full
s-leaf segment γx,x′ , and ′ is the stable leaf passing through x′. One finds y′ and ′′ by taking
y on the other side of P in  and proceeding in a similar fashion which ends the proof of the
claim. Let (x) be an unstable leaf segment containing x and having P as one of its endpoints.
Let ′(x′) be the unstable leaf containing x′ such that there is a local holonomy h :(x) → ′(x′)
with h(x) = x′ (and so h((x)) = ′(x′)). Then, the pair ((x), ′(x′)) form a twinned pair of
leaves. 
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To prove Theorems 2 and 3, we are going to introduce the notion of transversely affine stable
(respectively unstable) ratio functions for the attractor Λ. This consists of an affine structure on
the stable (respectively unstable) leaves of Λ which is invariant under both the map f and the
stable (respectively unstable) holonomies.
A ratio function r(I : J ) can be thought of as prescribing the ratio of the size of two leaf
segments I and J in the same stable or unstable leaf. A ratio function r(I : J ) is positive and
continuous in the endpoints of I and J . Moreover,
r(I : J ) = r(J : I )−1 and r(I1 ∪ I2 : K) = r(I1 : K)+ r(I2 : K)
where I1 and I2 intersect at most in one of their endpoints.
Definition 3.1. We say that r is an ι-ratio function if (i) for all ι-leaf segments K , r(I : J )
(I, J ⊂ K) defines a ratio function on K ; (ii) r is invariant under f ; and (iii) for every basic








r(K : I ))α (2)
for all ι-leaf segments I0, I1 ⊂ K , where 0 < α < 1 depends upon r and the constant of propor-
tionality also depends upon R.
Definition 3.2. Since r satisfies the condition (2) and defines an affine structure on each leaf
that is f -invariant we say that it is a transversely Hölder ι-ratio function. If r is invariant under
holonomies h (i.e. r(I : J ) = r(h(I ) : h(J ))) then we say that it is a transversely affine ι-ratio
function.
Lemma 1. If Λ contains a twinned pair of ι-leaves then there is not a transversely affine ι′-ratio
function r .
Proof. For simplicity of exposition we will consider the case ι = u and ι′ = s. The other case
is similar by replacing f by f−1 and stable by unstable, and vice-versa. Let us suppose by
contradiction that there is an affine model for f . For arguments sake assume that the twinned
pair leaves are unstable. Let the full u-leaf segments I and J and the periodic points p ∈ I ∩ Λ
and q ∈ J ∩ Λ be as in the definition of a twinned pair leaves. Let m be the common period of
the periodic points. Fix z ∈ I ∩ Λ and z′ ∈ J ∩ Λ such that z and z′ are the endpoints of a full
s-leaf segment which does not intersect Λ. Choose a full u-leaf segment K such that there is a
holonomy h : J ∩ Λ → K ∩ Λ. For every n = 1, let yn ∈ I ∩ Λ, y′n ∈ J ∩ Λ and y′′n ∈ K ∩ Λ
be such that f mp(yn) = z, f mp(y′n) = z′ and h(y′n) = y′′n (see Fig. 5). The ratio r(yn, y′n, y′′n)
between the length of the full u-leaf segment with endpoints y′′n and y′n and the length of the
full u-leaf segment with endpoints y′n and yn, when measured in a chart of the affine atlas, is
well-defined and does not depend upon the chart considered.
Since the holonomy is affine, the value of the ratio r(yn, y′n, y′′n) does not depend upon n = 1.
Since f is also affine, r(yn, y′n, y′′n) is equal to r(z, z′, f mp(y′′n)). Therefore, the value of the ratio
r(z, z′, f mp(y′′n)) does not depend upon n = 1. But, by construction the sequence f mp(y′′n) con-
verges to z′ which implies that the ratio r(z, z′, f mp(y′′n)) converges to zero, which is absurd. 
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Proof of Theorem 2. If there is an affine model for f on Λ then r is a transversely affine ι-ratio
function, which contradicts Lemma 1. 
4. Nonexistence of uniformly C1,HDι complete sets of holonomies
Lemma 2. For a proper codimension 1 attractor the stable complete set of holonomies consists
of a finite set of holonomies.
However, there are cases where the complete set of holonomies is forced to be infinite. This
is the case for systems like the Smale horseshoe (see Fig. 3).
Proof of Lemma 2. Since the u-leaf segments are manifolds, the number of holonomies in
the complete sets of s-holonomies is two times the minimal number N of stable leaves which
cover the s-boundaries of the rectangles contained in the Markov partition with the property
that the interior of each one of these leaves is contained in at most two s-boundaries of Markov
rectangles. 
Proof of Theorem 3. By Lemma 1 and Theorem 2 in [19], if f is C1+γ , with γ > HDι, and
the complete set of ι-holonomies is C1,HDι , then r is a transversely affine ι-ratio function. This
contradicts Lemma 1. 
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Appendix A
In this appendix, we present some basic facts on hyperbolic dynamics, that we include for
clarity of the exposition.
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Let d be a metric on M , and define the map fι = f if ι = u, or fι = f−1 if ι = s. For ι ∈ {s, u},
if x ∈ Λ we denote the local ι-manifolds through x by
Wι(x, ε) = {y ∈ M: d(f−nι (x), f−nι (y)
)
 ε, for all n 0
}
.
By the Stable Manifold Theorem (see [10] and [26]), these sets are respectively contained in the










which are the image of a C1+γ immersion κι,x :R→ M . An open (respectively closed) full ι-leaf
segment I is defined as a subset of Wι(x) of the form κι,x(I1) where I1 is an open (respectively
closed) subinterval (nonempty) in R. An ι-open (respectively closed) leaf segment is the intersec-
tion with Λ of a full open (respectively closed) ι-leaf segment such that the intersection contains
at least two distinct points. If the intersection is exactly two points we call this ι-closed leaf seg-
ment an ι-leaf gap. An ι-full leaf segment is either an open or closed ι-full leaf segment. An ι-leaf
segment is either an open or closed ι-leaf segment. The endpoints of a full ι-leaf segment are the
points κι,x(u) and κι,x(v) where u and v are the endpoints of I1. The endpoints of an ι-leaf seg-
ment I are the points of the minimal closed full ι-leaf segment containing I . The interior of a
ι-leaf segment I is the complement of its boundary. In particular, an ι-leaf segment I has empty
interior if, and only if, it is an ι-leaf gap. A map c : I →R is an ι-leaf chart of an ι-leaf segment I
if has an extension cE : IE →R to a full ι-leaf segment IE with the following properties: I ⊂ IE
and cE is a homeomorphism onto its image. An ι-full leaf segment is either an open or close full
leaf segment.
A.2. Rectangles
Since Λ is a hyperbolic invariant set of a diffeomorphism f :M → M , for 0 < ε < ε0 there
is δ = δ(ε) > 0, such that for all points w,z ∈ Λ with d(w, z) < δ, Wu(w,ε) and Ws(z, ε)
intersect in an unique point that we denote by [w,z]. Since we assume that the hyperbolic set
has a local product structure, we have that [w,z] ∈ Λ. Furthermore, the following properties are
satisfied: (i) [w,z] varies continuously with w,z ∈ Λ; (ii) the bracket map is continuous on a
δ-uniform neighbourhood of the diagonal in Λ × Λ; and (iii) whenever both sides are defined
f ([w,z]) = [f (w),f (z)]. Note that the bracket map does not really depend on δ provided it is
sufficiently small.
Let us underline that it is a standing hypothesis that all the hyperbolic sets considered here
have such a local product structure.
A rectangle R is a subset of Λ which is (i) closed under the bracket, i.e. w,z ∈ R ⇒ [w,z] ∈
R, and (ii) proper, i.e. is the closure of its interior in Λ (see Fig. 6). This definition imposes that a
rectangle has always to be proper which is more restrictive than the usual one which only insists
on the closure condition.
If s and u are respectively stable and unstable leaf segments intersecting in a single
point then we denote by [s, u] the set consisting of all points of the form [w,z] with
w ∈ s and z ∈ u. We note that if the stable and unstable leaf segments  and ′ are closed
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then the set [, ′] is a rectangle. Conversely in this 2-dimensional situations, any rectan-
gle R has a product structure in the following sense: for each x ∈ R there are closed sta-
ble and unstable leaf segments of Λ, s(x,R) ⊂ Ws(x) and u(x,R) ⊂ Wu(x) such that
R = [s(x,R), u(x,R)]. The leaf segments s(x,R) and u(x,R) are called stable and un-
stable spanning leaf segments for R. For ι ∈ {s, u}, we denote by ∂ι(x,R) the set consisting
of the endpoints of ι(x,R), and we denote by intι(x,R) the set ι(x,R) \ ∂ι(x,R). The in-
terior of R is given by intR = [ints(x,R), intu(x,R)], and the boundary of R is given by
∂R = [∂s(x,R), u(x,R)] ∪ [s(x,R), ∂u(x,R)].
A.3. Markov partitions
A Markov partition of f is a collectionR= {R1, . . . ,Rk} of such rectangles such that (i) Λ ⊂⋃k
i=1 Ri ; (ii) Ri ∩Rj = ∂Ri ∩ ∂Rj for all i and j ; (iii) if x ∈ intRi and f x ∈ intRj then
(a) f (s(x,Ri)) ⊂ s(f x,Rj ) and f−1(u(f x,Rj )) ⊂ u(x,Ri),
(b) f (u(x,Ri))∩Rj = u(f x,Rj ) and f−1(s(f x,Rj ))∩Ri = s(x,Ri).
The last condition means that f (Ri) goes across Rj just once. In fact, it follows from condi-
tion (a) providing the rectangles Rj are chosen sufficiently small (see Mañé [13]). The rectangles
which make up the Markov partition are called Markov rectangles.
We note that there is a Markov partition R of f with the following disjointness property (see
Bowen [2], Newhouse and Palis [15] and Sinai [27]):
(i) if 0 < δf,s < 1 and 0 < δf,u < 1 then the stable and unstable leaf boundaries of any two
Markov rectangles do not intersect;
(ii) if 0 < δf,ι < 1 and 0 < δf,ι′ = 1 then the ι′-leaf boundaries of any two Markov rectangles do
not intersect except, possibly, at their endpoints.
If δf,s = δf,u = 1, the disjointness property does not apply and so we consider that it is triv-
ially satisfied for every Markov partition. For simplicity of our exposition, we consider Markov
partitions that satisfy the disjointness property. This result is also used in [5–7,18,21–23,25].
A.4. Basic holonomies
Suppose that x and z are two points inside any rectangle R of Λ. Let I and J be two stable
leaf segments respectively containing x and z and inside R. Then we define h : I → J by h(w) =
178 A.A. Pinto et al. / J. Differential Equations 243 (2007) 168–178[w,z] (see Fig. 6). Such maps are called the basic stable holonomies. They generate the pseudo-
group of all stable holonomies. Similarly we define the basic unstable holonomies.
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